We discuss several points that may help to clarify some questions that remain about the anomaly puzzle in supersymmetric theories. In particular, we consider a general N = 1 supersymmetric Yang-Mills theory. The anomaly puzzle concerns the question of whether there is a consistent way to put the R-current and the stress tensor in a single supercurrent, even though in the classical theory they are in the same supermultiplet. As is well known, the classically conserved supercurrent bifurcates into two supercurrents having different anomalies in the quantum regime. The most interesting result we obtain is an explicit expression for the lowest component of one of the two supercurrents in 4-dimensional spacetime, namely the supercurrent that has the energy-momentum tensor as one of its components. This expression for the lowest component is an energy-dependent linear combination of two chiral currents, which itself does not correspond to a classically conserved chiral current. The lowest component of the other supercurrent, namely, the R-current, satisfies the Adler-Bardeen theorem. The lowest component of the first supercurrent has an anomaly that we show is consistent with the anomaly of the trace of the energy-momentum tensor. Therefore, we conclude that there is no consistent way to put the R-current and the stress tensor in a single supercurrent in the quantized theory. We also discuss and try to clarify some technical points in the derivations of the two-supercurrents in the literature. These latter points concern the significance of infrared contributions to the NSVZ β-function and the role of the equations of motion in deriving the two supercurrents.
, they consider N = 1 supersymmetric gauge theories including matter fields and extend the construction done in [11, 12] of the two supercurrents to the case that includes matter.
In Shifman and Vainshtein [14] , they argued for a different solution to the anomaly puzzle. They considered the coefficient in front of the W 2 term in the Wilsonian effective action and showed that its running, obtained by integrating out higher momentum modes, is only of one-loop order. (This result is in agreement with the nonrenormalization theorem, as formulated for example in [15] .) On the other hand, the physical coupling constant, defined from the physical amplitudes one measures in experiments, includes higher-order contributions. Motivated by this, they proposed an operator anomaly equation with a one-loop coefficient. They showed that the β-function of the physical coupling is obtained when one takes the matrix element of their anomaly equation. They assumed that their single operator supercurrent contains as its lowest component the R-current and as another component the stress tensor. However, we show below that this is not the case, by proving that the supercurrent, J (2) µ , having the energy-momentum tensor as one of its components does not, in fact, have the R-current as its lowest component. To avoid any ambiguity, we mention that we are using the term R-current (and R-symmetry) to describe the U (1) current (denoted by R µ ) that transforms the gaugino λ, the matter scalar A and the matter spinor ψ according to the charge ratios of 1 : . We find that J (2) µ has as its lowest component a current which is an energy-dependent linear combination of the R-current and the Konishi current. This linear combination, which we refer to as R ′ µ , is not a chiral current. This favors the idea of two supercurrents proposed in [11] [12] [13] . The explicit expression for the lowest component of this supercurrent had not been written earlier to our knowledge.
The anomaly equation for SYM with matter fields, as given in [14] , has a term γD 2 (Φe V Φ) (where Φ is a chiral superfield) that is responsible for the anomalous dimensions of the matter fields. This term does not appear in [13] because they assume that external fields are on-shell. As we shall see, it is the existence of this term that implies that the lowest component of R ′ µ is not the R-current but a mixing (with coupling constant dependent coefficients) of the R-current and the Konishi current. We perform an explicit calculation, which is not in the literature, to obtain the mixing. We perform the calculation using both component fields and the supersymmetric background field method. The results we obtain from either method agree and give the γD 2 (Φe V Φ) term. The Adler-Bardeen theorem implies that the chiral current R µ has an anomaly of one-loop order, but does not imply that R ′ µ should have a one-loop anomaly. We also find that the difference between R ′ µ and R µ is manifest in a very clear way at the infrared fixed point, where R ′ µ becomes a non-anomalous symmetry current that is a linear combination of R µ and the Konishi current. We use the supersymmetric QCD model as an example to show this behavior of the operator R ′ µ . Although the two-supercurrent scenario appears to be the correct solution to the anomaly puzzle, there are some technical issues in their construction that we discuss and attempt to clarify. In [12] , the equations of motion (EoM) are applied with the assumption that they vanish (up to contact terms). However, if one uses the expectation values of the various operators, as given in [12] , then the EoM would seem to have nonvanishing expectation values. We show that this apparent inconsistency is resolved when one takes into account the non-local contributions. After that, the expectation values of the bare operators are consistent with the application of the EoM. In particular, the expectation value, ∇ α J αα , of the unrenormalized operator ∇ α J αα vanishes as required to by the EoM. More explicitly, the non-local contribution to ∇ α J αα is opposite in sign to the local contribution, which is proportional to an ǫ dimensional operator 1 , and the two contributions add up to zero in the limit that ǫ → 0, i.e., in 4 dimensions. As a result, ∇ α J αα does vanish. Then, when we use the renormalization procedure of [11] [12] [13] , in which the contribution proportional to an ǫ dimensional operator is removed by renormalization, the non-local contribution indeed gives the correct one-loop anomaly. This correct one-loop anomaly was obtained in [11] [12] [13] . They did not explicitly discuss the role played by the non-local contributions in their derivation, so the discussion of those terms here may help clarify the consistency of the construction of the two supercurrents.
Finally, we comment on the question of whether the higher-order terms in the β-function are the result of contributions coming from infrared modes of the fields. In [14] , they show that the higher-order terms in the β-function come from the infrared modes. A different way of obtaining the same β-function is given in [16] . In the latter method, the coupling constant receives its higher-order corrections from the Jacobian appearing when one rescales the measure [17, 18] , and as they mention in [16] , the method does not appear to depend on the infrared modes. By changing the UV cutoff in the Wilson effective action, we show that the momentum modes above any arbitrary finite non-zero scale do not give a significant contribution to the Jacobian from which the multi-loop corrections to the β-function are obtained. This shows that the method used by [16] does indeed depend on the infrared modes.
In section II, we review some basic ideas about the supercurrent and the anomaly puzzle. The supercurrent is discussed in more detail in the appendix. In section III, possible solutions to the anomaly puzzle in the literature are reviewed and remaining problems are discussed. In section IV, we perform an explicit calculation to show that the operator R ′ µ in the same supermultiplet as the supersymmetry current has exactly the properties of what the anomaly equation in [14] predicts but it generates a U (1) transformation different from the R-symmetry. As a result, this superfield should be identified as J (2) µ and not as J (1) µ (in the notation defined above). First we do the calculation using component fields. Then in section IVA, we obtain the same result using the supersymmetric background field method. In section IVB, we analyze the properties of the current R ′ µ at the non-trivial infrared fixed point of supersymmetric QCD. We show that R ′ µ does have the charge ratios to be a non-anomalous current and thus corresponds to a true symmetry at the fixed point, as it should. In section V, we discuss the role of non-local terms in obtaining the expectation value of the equation of motion and show how such terms enter into the construction of the two supercurrents. In section VI, we show that the calculations of the β-function done by Shifman and Vainshtein [14] and by Arkani-Hamed and Murayama [16] both depend on the infrared modes.
II. REVIEW OF ANOMALY PUZZLE
First of all, let us review the basics of the supercurrent and the anomaly puzzle. N = 1 gauge theory is described by a Lagrangian,
T (R) denotes one half of the Dynkin index for the representation R,
where f αβ is the field strength in the spinor coordinate,
The integration over Grassmann numbers is defined by θ 2 d 2 θ = 2. Recall that the anomaly puzzle can be stated in terms of the absence of a supersymmetric anomaly equation. Such a possible equation is described by a supercurrent J µ , which is a superfield and can be defined as [14] 
Generally, the components of the supercurrent superfield are related to the R-current R µ , the supercurrent J αµ and the stress tensor ϑ µν respectively,
C µ , χ µ and τ µν are related to R µ , J µ and ϑ µν as we shall see in the appendix. For the supercurrent defined by Eq.(2), we have,
The θθ component of J αα , (3) corresponds to the stress tensor and the exterior derivative of R µ . Note that τ µν is not really the stress tensor as we shall see in the appendix. However, the trace τ µ µ is proportional to that of the stress tensor ϑ µ µ . So the operator τ µ µ also gives the trace anomaly.
As usual, this R-symmetry is broken at the quantum level because it is a chiral U (1) symmetry. The anomaly equation is,
as follows from the Adler-Bardeen theorem [8] . T (G) is the T (R) of the adjoint representation. One can lift Eq.(5) to the supersymmetric form,
where C is some coefficient to be determined. The lowest component of (6) is the chiral anomaly equation, Eq.(5). Equivalently, we have,Dα
The real part of the θ componentDαJ αα in Eq. (7) corresponds to τ µ µ while the imaginary part corresponds to −∂ µ R µ . This matches the θ component of D α TrW 2 , whose real and imaginary parts are −ǫ αβ Tr(F F ) and −ǫ αβ Tr(FF ) respectively.
To be consistent with the prediction of the Adler-Bardeen theorem, both sides should be bare operator and C should be of one-loop just like Eq.(5). However, to get the correct trace anomaly, β-function, which has higher-loop contributions should appear on the right hand side. So C has to be proportional to β. Now we get the anomaly puzzle. At least, this is how this puzzle was originally stated. There are quite a few subtleties as we shall see.
The situation becomes more complicated when matter is introduced. The Lagrangian becomes,
where Φ f are chiral superfields describing matter. The supercurrent is defined as
where covariant derivative is introduced
. The R-current has the form,
where A f is the scalar component of the chiral superfield Φ f and ψ f is the spinor component. With the introduction of matter, there is another U (1) symmetry Φ f → e iα Φ f . The corresponding current is the so-called Konishi current (denoted by R f µ ). This symmetry is certainly chiral and its anomaly, the Konishi anomaly is given by,
Equivalently, we can define a superfield Q αα as in Eq. (19) , which has R f µ as its lowest component.
III. POSSIBLE SOLUTIONS TO THE PUZZLE
Alternately, we can use Wilson effective action to describe the anomaly puzzle [14] . In this scenario, the theory has a large but finite cutoff. The Wilson effective action at scale Λ is denoted by S W (Λ). Higher momentum modes can be integrated out to provide the running of the coupling constant. It can be shown that the new S W (Λ − δΛ) obtained by this renormalization group flow will only have a one-loop correction to the coefficient of TrW 2 in the Lagrangian (8) . This agrees with the conclusion based on the non-renormalization theorem [15] . However, this result appears to be in contradiction to the multi-loop β function. Note that the coefficient of the Wilson effective action (at scale Λ) can be related to the 1PI amplitude with an infrared cutoff Λ (see e.g. [20] ). As noted by Shifman and Vainshtein, the absence of the infrared modes is the reason for the absence of multi-loop corrections in the β-function. Shifman and Vainshtein distinguish between the physical coupling constant and the corresponding coefficient in the Wilson effective action S W . The latter is renormalized only at one-loop level as predicted by the nonrenormalization theorem. On the other hand, the physical coupling can be obtained by evaluating the matrix elements (or the effective action). To do that, all the infrared modes have to be included and the higher-order corrections emerge.
Shifman and Vainshtein then proceed to propose that a single supercurrent can contain both the stress tensor and the R-current. The anomaly equation for this bare supercurrent J αα is of the form of Eq.(7) with a one-loop coefficient C (see e.g. Eq. (19) in [14] ),
The β
g (g 0 ) is the one-loop β-function and β
(1)
0 is a g 0 -independent number. Note that the operators in the equation are bare operators. To obtain the physical coupling constant one needs to take the matrix elements of the operators on the right hand side. The matrix of element of W 2 is shown to have finite multi-loop contribution that exactly reproduce the correct β-function. More explicitly, when the operators on the right are expressed in terms of renormalized operators, Eq.(12) becomes the anomaly equation that has the correct multi-loop β-function,
where [ ] indicates renormalized operators, and
The term proportional to γ f comes from the second term in Eq. (12) because of the Konishi anomaly (11). More explicitly, the contribution (proportional to γ f ) from the second term in Eq. (12) to the β-function follows when the operators on the right hand side are diagonalized. Note that the trace of the stress tensor, ϑ µ µ should be equal to [21] the coefficients of these operators O a (M ) can be considered as β-functions (with g a (M ) as variables) only when the operators O a (M ) are "orthonormal" at scale M . More explicitly, the operators O a (M ) are chosen so that the corresponding matrix element 3 of every coupling constant g a only receives contribution from a single operator (on the right hand side of the trace anomaly) and the matrix element should be exactly unity (up to some power of M 's). Only in this case we can take the coefficients of the operators on the right hand side of the trace anomaly to be the β-functions.
However, there are some subtleties about Eq. (12) that imply a contradiction with the Adler-Bardeen theorem. Let us look at it more carefully. For the example of pure SYM, the θ 2 component of an operator W 2 in fact has an imaginary part equal to (where
where we used the fact that the second term on the left hand side is proportional to ∂ µ R µ (see Eq. (4)). After this term is moved to the left side in Eq. (12), it is clear that Eq. (12) does not reproduce the Adler-Bardeen theorem; namely that the anomaly of the R-current R µ is no longer proportional (with a coupling-constant-independent proportionality factor) to the topological term FF as in the non-supersymmetry gauge theory. In other words, Eq.(5) no longer holds as an operator equation of bare operators. Moreover, unlike it was previously claimed in the literature [22] , Eq. (13) does not agree with the Adler-Bardeen theorem. Even if Eq. (13) is not obtained from the one-loop equation (12) but is taken as the starting point, what appears on the right are just renormalized operators and can not be moved to the left side, which only contains bare operators. On the other hand, it has been shown [23] that if the lowest component of the supercurrent on the left of Eq. (12) is taken as a renormalized operator, which is different from the bare R-current by a multiplicative renormalization factor, correct anomaly equations (for both trace anomaly and chiral anomaly) can be obtained.
There is another way to show the inconsistency between Eq.(12) and the Adler-Bardeen theorem. Together with the proposed expectation value of W 2 ((46) in [14] ),
equation (12) predicts a nonvanishing expectation value for the bare chiral current ∂ µ R µ at two-loop level. More explicitly, the two-loop value is
2π α times the one-loop value. This conclusion however, is in contradiction with the combination of the Adler-Bardeen theorem and the proposed expectation value of FF ((57) in [14] ),
which implies a two-loop expectation value being
π α times the one-loop value. Note that the Adler-Bardeen theorem states that Eq. (5) is an operator equation of bare operators and the expectation values of both sides should have the same quantum corrections 4 . Such an agreement is confirmed up to two-loop in [9] . So eventually we have no choice but to construct two supercurrents. One of them, J
(1) µ has the R-current as its lowest component, but does not have the stress tensor among its components, while the other J (2) µ has the stress tensor but not the R-current. As a result, there is no reason to have a single operator equation to describe both chiral anomaly and trace anomaly. The construction of two supercurrents using the background field method and dimensional reduction is first proposed by Grisaru et al [11] [12] for the pure SYM and is further developed by Ensign and Mahanthappa [13] for the coupled SYM. As we shall see later, there is an inconsistency in their calculation. However, we show by careful calculation that their results for the two currents are indeed correct.
Let us briefly review their results. In this approach, two different renormalized currents (both superfields) are defined. Each satisfies an anomaly equation with the anomaly expressed in terms of renormalized operators. One of the anomaly equations is similar to Eq. (13) with the renormalized coupling constant and operators on the right hand side. The other has an one-loop coefficient for the W 2 term, which agrees with the Adler-Bardeen theorem 5 . The explicit form is (Eq.(3.16) in [13] after a change in convention),
Both currents are renormalized operators whose expectation values are finite.
We shall see how these two supercurrents are constructed. For later convenience, we will give the operators that are involved,
To be consistent with the expressions given above in section II, we use the covariant derivatives in the gauge chiral representation. Note thatΓ αα introduced in [12] is the ǫ-dimensional projection of the gauge connection and is gauge covariant under the K gauge transformation (and invariant under the Λ gauge transformation). Now in the gauge chiral representation, it is covariant under the Λ gauge transformation. The expectation values of various operators are given by (3.3) (3.4) (3.5) in [13] . They are obtained by the background field method and dimensional reduction.
The dimension is d = 4 − 2ǫ. Some of the expectation values given below are different from from those in [13] . This is due to different conventions. For example, one of the equation given by (3.4) in [13] is,
The superscript e denotes (renormalized) external fields. The superscript r denotes renormalized fields (Φ = Z 1/2 Φ Φ r ) with the field strength Z Φ given by,
and Z V given by
However, Q r αα (2) are not the two-loop expectation values of the Q r αα . Instead, it is the two-loop expectation value of the operator renormalized to one-loop order. In this paper, we use the symbol O (n) for the expectation value of an operator O without subtracting any subdivergence due to renormalization of this operator. In this convention, Eq. (20) is expressed as
where C(R) is the quadratic Casimir operator of representation R. Note that only the two-loop contribution proportional to K αα is evaluated and the rest is unknown. With field strength renormalization 
Let us work with SQED, in which the corrections to the expectation value of FF start at two-loop and the corrections to the right hand side of the Adler-Bardeen theorem start at three-loop. Naively, one can speculate that the U (1) current in Q αα satisfies the Adler-Bardeen theorem in the sense that there is no anomaly at two-loop level. Note that Q αα (1) is nonvanishing and leads to a nonvanishing expectation value of
However, Q αα is not the correct superfield containing the anomalous U (1) current. In the approach used by [13] , Q µ has to be renormalized and the anomaly is described by a renormalized operator [Q µ ]. However, in the usual anomaly calculation of non-supersymmetric gauge theories (with matter), the expectation value of a bare chiral current ∂ µ j 5 µ is proportional to FF . Anyway, if we ignore this difference and just apply the equations of motion on those bare fields from which [Q µ ] is constructed, the correct anomaly equation follows.
Following Eq.(3.8) in [13] , we can find out the relationship between the bare operators and the renormalized operators as,
Renormalized operators like [W αα ] are defined to have the expectation values of the background fields. With Eq. (23), we get to the conclusion that a currentJ
has no anomaly at two-loop level because of the lack of g 4 [K αα ] in J αα . However, this bare operatorJ αα contains neither R µ nor θ µ µ . Instead, two different renormalized operators need to be constructed to describe the two anomalies (trace and chiral). One of them is the supercurrent (J (2) µ in our notation),
where the O(ǫ) terms do not affect the β-function. The other is the Adler-Bardeen current (J (1) µ in our notation),
As shown in [13] , with the use of the equations of motion, the desired anomaly equations (13) and (15) (24)). The rest ofĴ αα , the operatorŴ αα +P αα + 1 3Q αα gives no anomalous contribution because of the EoM. This is very confusing. As shown in [13] , the two sides of an equation of motion generally do not have the same expectation values. For example,∇αW αα = 0 (for pure SYM) follows from the equations of motion but apparentlȳ ∇α W αα = 0 following from Eq.(23) (see also Eq.(3.3) in [13] ). This problem will be further discussed in section V and a possible solution will be proposed.
IV. SUPERPARTNER OF THE TRACE ANOMALY
Before we move on to talk about the solution to the problem about the equation of motion in the construction of the two supercurrents, let us give a supporting argument for this approach. As explained in section III, the one-loop anomaly equation Eq. (12) implies that the operator R ′ µ , defined as the lowest component ofĴ µ , does not satisfy the Adler-Bardeen theorem. So it is unlikely that R ′ µ is the the R-current R µ 6 . Here we try to use some explicit calculation to show that for a general coupling g, this operator R ′ µ is a mixing of the current R µ and the Konishi current R f µ (R f µ being the U (1) current in Q αα ). This result clearly supports the approach of two supercurrents. It also gives a clear physical interpretation of the lowest component ofĴ αα (the one containing ϑ µν ), which is not given before. This validity of this interpretation is particularly clear at the infrared fixed point where the superconformal symmetry is restored. At this point, the charges of those fields λ, A and ψ under the R-symmetry are different from their classical values. This new U (1) symmetry is also a classical symmetry whose current R ′ µ is a linear combination of R µ and the Konishi current R f µ . The latter assigns charge +1 to both A and ψ. Moreover, as we shall explain, this property of R ′ µ agrees with the last term in the anomaly equation Eq.(12), which is actually not obtained in [13] . So the J αα in the Shifman-Vainshtein scenario should be identified as the supercurrent with ϑ µν .
To study R ′ µ , we compute the Green's functions of this operator (or rather ∂ µ R ′ µ ) and various other fields. More explicitly, we compute the Green's functions with an insertion of the operator obtained via supersymmetry transformation of the gamma trace (see below) of the supersymmetry current. This operator has a term ∂ µ R ′ µ according to the superconformal algebra,
where M αβ are the Lorentz generators and S α is the generator corresponding to the gamma trace ofJ µ . We will now show that the contact terms of the Green's function, which are the changes of the other fields under the transformation generated by R ′ µ , can be described by the transformation of a combination of the original R-symmetry and the Konishi U (1) symmetry.
Let us start with the computation of σ µJ µ . The gamma trace of the supersymmetry currentJ µ in the Wess-Zumino model is,
6 Note that we define R-current as the U (1) current associated with the (anomalous) symmetry that transforms the gaugino λ, the matter scalar A and the matter spinor ψ according to the charge ratios of 1 :
, which is determined by the classical supercurrent.
In the last step, we include the effect of the gauge field by covariantizing the derivative. Eq.(26) corresponds to the contribution from the matter multiplet to the gamma trace of the full supersymmetry current. However, Eq. (26) does not vanish on-shell because of the interaction with the gauge field. Let us consider SQED for simplicity. The equation of motion ofψ is,
So the gamma trace in 4d is
or equivalently, we should add − i 3 eσ µ λAA * to the definition ofχ µ in Eq. (26) . Of course, this term can also be obtained from explicit calculation (from a λσ µ D term in the supercurrent of the gauge multiplet). In 4 + ǫ dimension, the gamma trace becomes,
The supersymmetry transformation (parametrized by ξ α ) of the gamma trace is (note that the indices inσ ν ξ are
We use the equation of motion in the middle step. This is justified because
is the the counting operator [25] , which has a finite expectation value. In the last step, we just keep the real part that is needed (and drop the imaginary term D µ A * D µ A). Note that this is because the imaginary part should be proportional to the trace anomaly ϑ µ µ following the superconformal algebra. The Green's functions with an insertion of δ ξ (σ µJ µ ) can be evaluated. Alternately, the same results can be obtained by calculating the expectation value of δ ξ (σ µJ µ ) in a certain background. The result bilinear in the external gaugino field λ is
where λ e is understood as Fourier transformation (with momentum suppressed) of the external field λ e (x). We have momentum k flow into the vertex −ǫ √ 2eA * ψλ and for simplicity, we set the momentum exchange through the external field λ e to be 0 and that throughλ e to be k. Similarly we have scalar contribution,
Again, the momentum exchange through (A e ) * is set to be 0 for simplicity. Note that the expectation value proportional to ψ eψe is the same as Eq. (29) 
In the convention we are using, an operator with a momentum inflow k is given by
(x).
A current with the same charge +1 assigned to ψ and A (i.e., Konishi current) is
So it is clear that Eq.(31) is a linear combination of R µ and the Konishi current R 
On the other hand, Eq.(12) predicts a correction to the
The first term is part of the trace anomaly ϑ µ µ . Compare this with the superconformal algebra Eq. (25), we know that the correction to R
which agrees with Eq.(32). So in some sense, we correctly calculate the − 1 8 f γ fD 2 (Φe V Φ) term, though only in a way that is not manifestly supersymmetric.
However, our calculation is not without flaw. We use −iσ µ (χ µ +σ µ σ νχ ν ) withχ µ from W αα , the gauge field part of the supercurrent to get contribution to the supersymmetry currentJ µ from the gauge sector while the contribution from the matter sector is obtained from a direct generalization of Eq.(A8) to 4 + ǫ dimension. Without this double standard, the coefficient in front of ∂ µ (ψσ µψ ) in Eq.(32) will be different and does not match that predicted by Eq. (12) . The physical implication remains the same; namely that R ′ µ receives correction proportional to the Konishi current and is no longer the R-current that satisfies the Adler-Bardeen theorem.
It is not clear whether the operator defined by Eq. (10) generates a new R-symmetry at the fixed point. The terminology we use may be a little confusing. By saying "new R-symmetry", we refer to the U (1) symmetry that forms the superconformal algebra together with supersymmetry and the scaling, instead of the one that transforms the gaugino and matter fields according to the charge ratios of 1 :
. The latter is referred to as R-symmetry. Anyway, it is not out of question that the operator of Eq. (10) can be the right current to generate the new R-symmetry. Note that at the fixed point, the trace θ µ µ scales various fields according to their "quantum dimensions" instead of their canonical dimensions though the operator form of this dilatation current is defined according to the canonical dimensions.
In any explicit calculation, it is hard to see how the charges associated with the operator defined by Eq.(10) can receive quantum corrections. So this operator, after some renormalization, is likely to be the R µ that generates the anomalous chiral U (1) symmetry as it is the case in QED. Anyway, in our opinion, the point is that there should be an anomalous current that transforms the fields according to the charge 1 : and it satisfies the Adler-Bardeen theorem. Moreover, the latter is definitely not in the same multiplet as the stress tensor. The former may or may not be generated by the bare operator defined by Eq.(10) but this could depend on the calculation scheme and is hardly physically relevant.
A. A Manifestly Supersymmetric Derivation
The calculation above can be done using the dimensional reduction and the background field method. In [13] , the anomalous dimension term is argued to be zero because of the assumption of on-shell external fields. The assumption of on-shell external fields is in general not justified and in this particular case, leads to the missing of a term that has physical meaning. In this subsection we recover the anomalous term so that the super-anomaly equation of the currentĴ αα is exactly of the form of Eq. (13) .
In this subsection, we are going to use the convention in [13] . So we need to determine the corresponding form (in this new convention) of Eq. (13) . According to Eq.(45), and Eq.(C39) in [13] ,
we have the Konishi anomaly,∇
Let [Ĵ αα ] be the supercurrent, renormalized so that its expectation value is finite and is exactly equal to what one would get by putting intoĴ αα the external fields alone 7 . Note that [Ĵ αα ] is the supercurrent that contains the energy-momentum tensor in its θθ component . Then the trace anomaly is the θ component of its super-trace, which is given by Eq.(3.15) in [13] ,∇α
The matter contribution to the β-function, up to two-loop, is (from Eq. (14))
where γ is the anomalous dimension (defined from the anomalous scaling of the renormalized operators) The scaling dimension of the renormalized field Φ is 1 + γ/2. In order for the missing (missing on the rhs of the anomaly equation Eq.(34)) term,∇ 2 [ΦΦ] to give the correct contribution to the β function following Eq.(33) (see [14] ), we require Eq.(34) to be modified as,∇α
Note that the numerical factors in this form are slightly different from those in Eq. (13) . Now both terms on the rhs follow from the vev of
As explained in section III, the anomaly is determined by∇αK αα and from
Let us now show the expectation value of the latter can indeed give the correct super-anomaly equation (35). The contribution proportional to∇ 2Φe Φ e in the vev of W 2 can be obtained in a similar way as that of W αα . Now instead of
we have the expansion,
as the vertex, where V is the quantum fluctuation of the gauge field. The relevant diagrams are 1(d) (from two vertices ofΦV Φ) and 1(e) (one vertex of 1 2Φ V 2 Φ) in [13] . It is not hard to see only the latter gives nonvanishing contribution. We have, following the Feynman rule,
In other words, the last term on the rhs of Eq. (35) is supposed to be
The anomalous dimension γ is given in [14] as,
where we recall that α = g 2 /(4π). In the last step, we use the convention (4π) 2 = 1 in [13] . One can see that Eq.(37) exactly agrees with Eq.(35).
B. Charges at the Infrared Fixed Point
Previously, we have shown that the current R ′ µ is a linear combination of the R-current R µ and R f µ . In this subsection, we apply our result to study the current R ′ µ at the infrared fixed point of an SU (N ) SYM that has N f matter fields Q f in the fundamental representation and N f matter fieldsQ f in the anti-fundamental representation 8 . The current R ′ µ is shown to be the anomaly-free current, whose charge ratios for λ, A, ψ is,
We then argue for the advantage of our method compared to the argument [26] based on the approach in [14] . At the infrared fixed point, we have the current R ′ µ as,
This follows from the coefficient 3T ( (13) (and Eq. (14)). For later convenience, let us rewrite Eq.(13) in the form,
From the lhs of Eq.(39), we have an operator 2∂ µ R ′ µ 9 . Taking its expectation value, the lowest order term is 2∂ µ R e µ (i.e., Eq.(10) with all fields replaced by their external counterparts). In the context of Slavnov-Taylor identity in the background field method [2] , this term corresponds to the contact term and tells us the R-charges. Moreover, although the Adler-Bardeen theorem does not hold for this current R can
The reason is that R µ assigns charge +1 to λ while R f µ assigns charge +1 to ψ f and a combination of R µ + e (up to a factor) in the vev ofDαJ αα . As a result, the R ′ -charge at the fixed point for Φ is 2 3 (1 + 1 2 γ). At a different scales, the R ′ -charge is different. Naively this operator R ′ µ behaves as a current that has different charges when it acts on states of different energy scales.
With anomalous dimension at the fixed point being,
which is necessary for the NSVZ β-function to vanish, the charge of Φ is,
This result agrees with Eq.(38). The R ′ -charges at the fixed point can be obtained in a very different way [26] . In this case, a conserved current is defined for every different γ (see Eq.(2.114) in [26] ),
At the infrared fixed point, the second term vanishes and this current is just the supercurrent J αα . However, the R ′ -charges are obtained from the form ofJ αα at the UV fixed point, where γ f = 0. It is not clear why this works becauseJ αα with different γ f are different operators. In other words, R ′ -symmetries for differentJ αα are different. Why the charges of one symmetry is determined by that of the other needs to be explained. In our approach, the values of the charges for R ′ µ come out naturally.
V. PROBLEMS AND CORRESPONDING SOLUTIONS IN THE APPROACH USING TWO SUPERCURRENTS
In this section, we justify the use of the equation of motion in [12] and [13] . An equation of motion, when inserted into the n-point functions serves like a functional derivative. For example, the expectation value of the equation of motion of a field φ, denoted as S , φ satisfies
where X denotes other operators. In the background field method, the expectation value of the equation of motion of φ gives something like
where Γ is the effective action. In the standard non-supersymmetric calculation of the chiral anomaly using dimensional regularization, the chiral current is no longer conserved. In other word, ∂ µ j 5 µ = 0 by the equation of motion. Instead, we have (ψ being a Dirac spinor),
The first term on the right hand side and its Hermitian conjugate are proportional to the equation of motion and both vanish on-shell. The insertion of these terms in a Green's function only gives contact terms (or in the context of expectation value, only trivial terms like Eq.(40)) but not any anomalous contributions. However, in [12] and [13] expectation values of the equations of motion apparently do have contributions from the anomaly terms. This can be seen as follows. From Eq.(23), we have
The right hand side is the anomalous contribution (given by the external fields). Note that assuming no matter fields, the equation of motion of the gauge field implies,∇α
In [12] and [13] , the lowest order contribution to the expectation value vanishes because of the on-shell assumption and a trivial expectation value (no anomaly) means a vanishing expectation value. Therefore, one expects
which is in contradiction with Eq.(41). Moreover, when the equation of motion is used assuming that the expectation value of the equation of motion is trivial, which is necessary in the calculation of anomaly, the nontrivial expectation value leads to an inconsistency. For example, Eq. (42) is used on an operator
, which is then taken to be the expectation value of∇αJ αα . In other words, Eq.(43) is assumed, which is apparently inconsistent with Eq.(41).
In fact, in the scheme of dimensional reduction, the U (1) R current is actually conserved (by the equation of motion) and one may expect trivial expectation values for ∂ µ R µ and the supertrace of the supercurrent that has R µ as its lowest component. This is possible only when we consider the non-local contributions to the expectation values.
In [28] , non-local contributions to the expectation values are considered but do not give any divergent contributions. The point is that it is necessary to include the non-local contributions in this calculation scheme (background field method and dimensional reduction). For simplicity, the chiral anomaly in (non-supersymmetric) QED is considered, as it was the same example that was discussed in [12] . The non-local contribution to the expectation value of the chiral currentψαψ α can be evaluated (in this calculation the superscript e for the external field is dropped),
where ∆ = y 2 q 2 − yq 2 + z 2 k 2 − zk 2 + 2yzq · k. In the sixth line, we remove the q dependence. Anyway, in the position space, the non-local contribution reads,
Note that the A∂ term, which we did not consider, has contribution too. But it appears that this contribution is proportional to k αα F 2 , so after a procedure to make ψα ψ α real, this contribution drops.
The non-local contribution is opposite to the contribution from the ǫ-dimension operators, which is given in [12] . So an operator equation like,
µ ] defined in [12] has a nonvanishing expectation value that gives the correct chiral anomaly.
This result can be generalized to supersymmetric theories. In principle, one can compute the non-local contributions to the supercurrent J µ and show that its supertrace vanishes. Such contributions to some of the operators have actually been worked out in the literature. For example, the expectation value of the operatorΦe V Φ has a (one-loop) non-local contribution (see e.g. Eq.(6.7.10) in [27] ). The contribution from the ǫ-dimension operator can be found in Eq.(A28) in [13] ,
These two contributions are opposite to each other. So we havē
On the other hand, a renormalized operator [Φe
can be defined to provide the correct Konishi anomaly Eq.(11). Here we use a bare field Φ and therefore the first term on the right of Eq.(45) in [13] is removed. The calculations of the non-local contribution that have be given in the literature were not without flaw. The non-local contribution to Φ e V Φ is given by the same graphs that contributes to the effective action (Eq.(8) in [28] , more explicitly I 1 , I 2 , I 3 ). In [27] , it appears that only part of the contribution (I 3 ) is considered. Moreover, I 2 is infrared divergent. It is not clear whether one can just drop this term.
However, non-local contributions to the expectation values of operators are infrared finite because the 4-momentum injected into the operators becomes an infrared cutoff. As shown by explicit calculation, the expectation value of operatorΦe V Φ has terms containing ∇ α W α (W α being the background field). These terms are finite and remain non-local after a differentiation byD 2 . We would like to see whether they have an impact on the anomaly. In [12] , they are discarded with the assumption of on-shell external fields.
Let us take a look at the θθ component of
Note that all the fields are functions of y µ = x µ + iθσ µθ . The expansion around x gives the θ 2θ2 component. These two components (θθ, θ 2θ2 ) are all that are relevant in the chiral anomaly equation. First of all, let us take a look at the bosonic contribution, which is of the form of ∂f 2 , from ∇ α W α ∇ β W β . To get a nonvanishing θθ component, we need one θ and oneθ. The lowest component of ∇ α W α vanishes identically. Therefore both θ andθ can not come from one of the ∇ α W α . The θ (orθ) component of any scalar superfield like ∇ α W α is certainly fermionic. So there is no bosonic contribution to the θθ component (and the
In summary, we found that the terms containing ∇ α W α do not give contributions to the chiral anomaly. Nor do they give any contributions proportional to F 2 , which would appear in the trace anomaly. Note that the derivative expansion does not apply to those ∇ α W α terms because of the infrared divergence in the expansion coefficients. As a result those ∇ α W α terms don't give local contributions even after being acted on byD 2 . These terms have contributions quadratic in the spinor fields. It is not clear what their physical meanings are. Naively there can be such contributions to the one-loop expectation value of the chiral current because of the Yukawa coupling. Even though these contributions are just contact terms, the equation of motion is still spoiled. So in order to use the dimensional reduction, it appears that we have to assume that the external fields are on-shell, satisfying the classical equations of motion.
Note that other relevant contributions to the expectation value ofΦe V Φ are proportional to
, which is
So we have
With the assumption of
can be expressed as D 2 W 2 and we can get to the usual form of the Konishi anomaly Eq. (11) .
Despite these technical difficulties, it is quite tempting to expect similar non-local contributions to the expectation values of W αα , P αα and Q αα . These non-local contributions cancel the contributions proportional to K αα and make the use of the equations of motion justified.
VI. RESCALING ANOMALY AS AN INFRARED EFFECT
The β-function obtained by the method introduced in [14] agrees with the one obtained by a different method in [16] . Moreover, the role played by the field strength renormalization is almost the same. Take SQED as an example. As pointed out in [16] the rescaling of the field strength will change the coupling constant and the new theory (at cutoff Λ) is canonically normalized, i.e., has Z = 1. For such a theory with Z = 1 both calculations predict that there is no quantum correction for process at the scale Λ. The effective Lagrangian after the rescaling is exactly the effective action for the external fields at the scale Λ.
The calculation (of the Jacobian) in [16] involves UV regularization and the infrared effects seem to be irrelevant. However, we will show that if the momentum modes below an arbitrary scale Λ are ignored, there will be no contribution to the Jacobian except for some non-renormalizable terms. The idea is to separate the contribution to the Jacobian from the modes above Λ. To do this, one can consider two Jacobians under the rescaling of field strengths at cutoffs Λ and Λ ′ (assuming Λ < Λ ′ ) respectively. The Jacobian for the scaling of a chiral superfield Φ f (in a representation of R f ) can be computed (Eq.(A.20) in [16] ), log J(Λ, e α(Λ) ) = − 1 16
Note that J(Λ, e α(Λ) ) can be understood as the Jacobian from the rescaling (by a factor of e α(Λ) ) of the momentum modes k ≤ Λ. We can set the scaling factor to be the same, then J(Λ, e , which is the difference of the coefficient of a certain non-renormalizable term. This is consistent with the result about the contributions from the modes between Λ and Λ ′ in the Wilsonian renormalization group flow, in the sense that the effective theory with a cutoff Λ generally has non-renormalizable terms proportional to the negative powers of Λ.
The point is that the multi-loop contributions proportional to log Λ0 Λ ′ do not come from the rescaling of modes between Λ and Λ ′ . The choice of Λ is arbitrary. In other words, the multi-loop contributions to the β-function do not come from any modes k > Λ. Therefore, the result in [16] must also come from the infrared modes as in [14] VII. CONCLUSION
In this paper, we have tried to elucidate and settle three problems that are related to the anomaly puzzle in N = 1 SYM. First, we study the properties of the current operator R ′ µ that is in the same super-multiplet as the stress tensor. We show explicitly that R ′ µ is not the same as the (anomalous) current R µ which transforms the fields according to the charge ratios 1 : f γ fD 2 (Φe V Φ) term that appears in the anomaly equation in [14] gives the same mixed current R ′ µ and therefore supports the existence of two different "supercurrents," even though only one supercurrent was proposed in [14] . We then use supersymmetric QCD at the infrared fixed point, as an example, to show how the difference between R ′ µ and R µ can naturally be explained in terms of two-supercurrents.
Secondly, we show that non-local terms must be included for consistency when using the equations of motion in [11] and [13] . This is necessary because the equations of motion are used there with the assumption that their expectation values trivially vanish, while they actually vanish only when the non-local contributions to the expectation values are included.
Finally, we compared the two different calculations of the NSVZ β function in [14] and [16] . The second method, which is based on the Jacobian arising from field strength rescaling, seems independent of the infrared behavior of the theory, while the first method seems to depend only on the infrared behavior. We resolve this apparent contradiction by showing that the infrared modes are also crucial in getting the multi-loop corrections to the β function in the second method. The reason, as we show, is that the contributions from modes above any arbitrary nonzero scale, Λ, to the rescaling Jacobian are proportional to non-renormalizable terms and therefore do not contribute to the β function.
Despite that, we can use equation of motion in the interacting theory to get F in J µ , the current following Noether method does not contain F . All the interacting terms containing F do not have derivatives and therefore cancel identically. The extra terms (proportional to coupling constant) in J µ involves variation of F though.
Note that the charge generated by this current Q ≡ J 0 does generate the correct supersymmetry transformation on component fields. This is obvious for ψ and A. One subtlety is the transformation onȦ. It gives 
